Superconducting resonators provide a convenient way to measure loss tangents of various dielectrics at low temperature. For the purpose of examining the microscopic loss mechanisms in dielectrics, precise measurements of the internal quality factor at different values of energy stored in the resonators are required. Here, we present a consistent method to analyze a LC superconducting resonator coupled to a transmission line. We first derive an approximate expression for the transmission S-parameter S 21 (ω), with ω the excitation frequency, based on a complete circuit model. In the weak coupling limit, we show that the internal quality factor is reliably determined by fitting the approximate form of S 21 (ω). Since the voltage V of the capacitor of the LC circuit is required to determine the energy stored in the resonator, we next calculate the relation between V and the forward propagating wave voltage V + in , with the latter being the parameter controlled in experiments. Due to the dependence of the quality factor on voltage, V is not simply proportional to V + in . We find a self-consistent way to determine the relation between V and V + in , which employs only the fitting parameters for S 21 (ω) and a linear scaling factor. We then examine the resonator transmission in the cases of port reflection and impedance mismatch. We find that resonator transmission asymmetry is primarily due to the reflection from discontinuity in transmission lines. We show that our analysis method to extract the internal quality factor is robust in the non-ideal cases above. Finally, we show that the analysis method used for the LC resonator can be generalize to arbitrary weakly coupled lumped and distributed resonators. The generalization uses a systematic approximation on the response function based on the pole and zero which are closest to the resonance frequency. This Closest Pole and Zero Method (CPZM) is a valuable tool for analyzing physical measurements of high-Q resonators.
Superconducting resonators provide a convenient way to measure loss tangents of various dielectrics at low temperature. For the purpose of examining the microscopic loss mechanisms in dielectrics, precise measurements of the internal quality factor at different values of energy stored in the resonators are required. Here, we present a consistent method to analyze a LC superconducting resonator coupled to a transmission line. We first derive an approximate expression for the transmission S-parameter S 21 (ω), with ω the excitation frequency, based on a complete circuit model. In the weak coupling limit, we show that the internal quality factor is reliably determined by fitting the approximate form of S 21 (ω). Since the voltage V of the capacitor of the LC circuit is required to determine the energy stored in the resonator, we next calculate the relation between V and the forward propagating wave voltage V + in , with the latter being the parameter controlled in experiments. Due to the dependence of the quality factor on voltage, V is not simply proportional to V + in . We find a self-consistent way to determine the relation between V and V + in , which employs only the fitting parameters for S 21 (ω) and a linear scaling factor. We then examine the resonator transmission in the cases of port reflection and impedance mismatch. We find that resonator transmission asymmetry is primarily due to the reflection from discontinuity in transmission lines. We show that our analysis method to extract the internal quality factor is robust in the non-ideal cases above. Finally, we show that the analysis method used for the LC resonator can be generalize to arbitrary weakly coupled lumped and distributed resonators. The generalization uses a systematic approximation on the response function based on the pole and zero which are closest to the resonance frequency. This Closest Pole and Zero Method (CPZM) is a valuable tool for analyzing physical measurements of high-Q resonators.
I. INTRODUCTION
Measuring the response of a resonator is a generic method for measurements of properties of solids at low temperature, such as surface resistance 1 of superconductors and complex permittivity 2 of dielectrics. It is also very useful for sensitive detection of photons 3 , states of superconducting quantum bits 4 , and the zero-point motion of mechanical oscillators 5 . Recently, the need for increasing coherence times of superconducting qubits motivated new interest in searching for low-loss dielectric materials as well as understanding their loss mechanism. Internal quality factors of several types of superconducting thin-film resonators [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] have been measured in detail. The most common way to measure the internal quality factor is to measure the S-parameters of resonant circuits. For this purpose, a number of methods were developed to extract the quality factor of a single resonator from reflection or transmission measurements 16 . In order to measure multiple resonators simultaneously, methods 8, 17, 18 based on frequency multiplexing have been developed. However, all the previous methods derive the scattering parameters (S-parameters) 19 by using equivalent coupled circuits in the vicinity of the resonance. In this paper, we present a consistent method to approximate the exact S-parameters by analyzing the algebraic properties of the a) Electronic mail: cdeng@uwaterloo.ca S-parameter function. We start from a circuit model in which a LC resonator couples to a transmission line both inductively and capacitively. We develop the Closest Pole and Zero Method (CPZM) to reduce the transmission Sparameter S 21 (ω), with ω the excitation frequency, of the circuit to a ratio of complex linear functions. The approximated S 21 (ω) only depends on four parameters: resonance frequency ω 0 , internal quality factor Q i , external quality factor Q e and a parameter Q α which is related to the resonance asymmetry. The internal quality factor Q i can be extracted from fitting the data to the simplified S 21 (ω) function as opposed to the full circuit-dependent form.
We also discuss another important aspect of dielectric loss characterization. In order to understand sources and mechanisms of the loss, the dependence of dielectric loss on energy stored in the resonator is required. The energy dependence of loss can be characterized 6,10,20 by measuring Q i as a function of the voltage V across the capacitor in the LC resonator. However, this is a nontrivial task since one usually does not have precise knowledge of all the circuit parameters needed to calculate V . We show that the ratio V /V + in , where V + in is the forward propagating wave amplitude at the excitation port, can be calculated using parameters determined from the fit of the S 21 (ω) function and an additional scaling factor. The scaling factor depends on circuit parameters which cannot be directly determined from the fit. However, it can be estimated based on circuit parameter simulations. An important point to note is that the knowledge of the volt-age V up to a fixed factor is still valuable for comparing experimental results with theoretical predictions of the loss mechanism.
Although the reduced S 21 fits the experimental data extremely well, in some measurements the resonance curve shows a pronounced asymmetry, which is inconsistent with realistic values of circuit parameters. We analyze a more complete model which takes the reflection of wire bonds and impedance mismatch into account. We find that for realistic circuits the asymmetric resonance primarily arises from wave reflection by the wire bonds used to connect the device and the measurement apparatus. We show that despite these non-idealities, our procedure for extracting Q i based on the simplified S 21 form is still valid.
We note that, in previous work, simplified equivalent circuits were used to obtain a simple expression for the S-parameters in the linear fractional form 21 . However, in this paper, we develop a systematic approach to reduce the response function of an arbitrary resonator to a linear fractional form by using specifically its algebraic properties.
This paper is organized as follows. In Section II, we approximate the transmission S-parameter S 21 of the resonance circuit we consider to a linear fractional form by applying the CPZM. In Section III, we investigate the complex function v(ω) = V /V + in , where V is the capacitor voltage and V + in is the forward propagating wave voltage. We approximate v(ω) to a linear fractional form using the same method and we find that v depends on Q i in general. We derive a formula to transform the points (V + in , Q i ) to (V, Q i ). In Section IV, we employ the CPZM to analyze the transmission parameter S 21 of a circuit where we consider the inductance of the bonding wires and the effect of variation of impedance of different transmission lines. In Section V, we discuss the general application of CPZM to the circuit response of both lumped and distributed high-Q resonators.
II. DERIVATION OF RESONATOR TRANSMISSION

A. Experimental design and circuit model
We consider a LC resonator coupled to a transmission line. In our experiments, the resonator consists of a meander inductor L and a parallel capacitor C 0 . The transmission line is a coplanar waveguide (CPW) (see Fig. 1(a) for the sample design). We use a model circuit similar to that proposed in Ref. 18 , as shown in Fig. 1(b) . The LC resonator couples to the transmission line through a mutual inductance M and a capacitor C c . Dielectric loss is modeled by a resistor R shunting the lumped capacitor C 0 . Both the input and output transmission lines have characteristic impedance Z 0 .
B. Exact S21 from circuit model Fig. 2 shows the equivalent circuit of the network shown in Fig. 1(b) . Since the impedance of the source and load match the characteristic impedance of the transmission line, we have V g = 2V + in and V + out = V out where V g is the voltage of the source and V out is the voltage on the output load. We use Kirchhoff's laws to calculate
Optical microscope image of an LC resonator coupled to a transmission line, designed for measuring the loss tangent of the dielectric in the parallel-plate capacitor. The device is fabricated using two aluminum layers, patterned with electron-beam lithography. The dielectric is a 5 nm thick layer of AlOx. The oxide is grown by applying oxygen plasma onto the bottom aluminum layer. The nominal capacitance value is 2.5 pF. (b) Lumped element circuit model for the device in (a).
Equivalent circuit of the circuit showed in Fig. 1(b) .
where
and
C. Reduction of S21 to a linear fractional form
The S-parameter S 21 in Eq. (1) is in a polynomial fractional form of ω. Our goal is to derive, in a systematic manner, a simpler approximate form of the S 21 . Since S 21 is dimensionless, it is convenient to express it in terms of a set of dimensionless parameters. We choose the following dimensionless parameters:
, and x = 2Rω
Here
is the resonance frequency of the uncoupled resonator. Coupling to the transmission line will result in a shift in the resonance frequency from ω ′ 0 . When expressed in terms of the new parameters, the expression for S 21 becomes:
where f (x) and g(x) are polynomial functions of qx. The expressions for the coefficients in Eq. (7) are given in Appendix A.
The dimensionless parameters in Eq. (6) are chosen such that their values are much smaller (i.e. α, β, γ, and q) or comparable (i.e. x and ξ) to unity, which allows for developing systematic order expansions. To illustrate this, in Table I , we list realistic values of circuit parameters for a resonator realized in our experiments with an estimated bare resonance frequency ω Table II . We note that while all the reduced parameters are small, q may be smaller than one by many orders of magnitude (the quality factor of a superconducting resonator often reaches 10 6 especially when driven at high power). For resonators weakly coupled to the transmission line, we expect that the resonance frequency and the width of the resonance are not perturbed very strongly. For this reason, the relevant range of the variable x = 2Q
Since qx is a number much smaller than the rest of the parameters, we can approximate f (x) and g(x) by keeping only the terms up to the first order of qx, which gives:
Fig . 3 illustrates the accuracy of the approximation above by comparing both the amplitude and phase of S 21 and S 21 using realistic circuit parameters given in Table I . Noting that bothf (x) andg(x) contain terms up to the first order in x, we rearrange the terms and writeS 21 in the following linear fractional form:
where a =
We note that the parameter |A 0 |e jφ has a value which is very close to 1. For this reason it would be difficult to distinguish this factor from attenuation and gain factors in the measurement setup. Therefore, we simply drop this factor from now on. The expressions for a and b are ratios of polynomials, depending on all the reduced parameters, given (7) and (8), respectively.
in Appendix A. We rewrite next the parameters a and b in a way which makes the dependence on q explicit. We have:
where A, B, C, D, E and F depend on the reduced parameters other than q. We simplify the coefficients A, C, and E by using a Taylor expansion in terms of α and γ, which characterizes the resonator coupling and are therefore very small. We obtain:
For the purpose of order comparisons, we also write down the series expansion of B, D, and F below:
These expansions are carried out using Mathematica 22 . We find that B, D, and F are at least in the second order of α and γ. For high-Q resonators(q ≪ α, γ), we only retain the zeroth order terms for A, C, E. First order terms for A, C, and E are not needed, due to the large B/q, D/q, and F/q terms. With these approximations, the functionS 21 takes the form:
The resonance curve described by Eq. (18) is asymmetric in general. We identify the resonance frequency as the value when |S 21,red | is minimized. The resonance frequency ω 0 depends on the internal loss of the capacitor (details shown in Appendix A). However, for high-Q resonators, this dependence is weak for q ≪ 0. For simplicity, we take the resonance frequency as the resonance frequency without internal loss (q = 0) as the following:
The internal quality factor is defined as
We rewrite Eq. (18), showing specifically the resonance frequency ω 0 and the internal quality factor Q i tõ
with Q α and Q e defined as the following expressions:
The reduced S 21 in Eq. (23) is in a form which is similar to a Lorentzian. Q α is a parameter that characterizes the asymmetry of S 21 with respect to the resonance frequency. In the limit where Q α → ∞, ω 0 (Q
e ) is the width of the transmission signal in the frequency domain. Therefore, Q e is the external quality factor of the resonator.
Eq. (23) is the main result of this section. By fitting Expression (23) to S 21 data, we can uniquely determine the fitting parameters ω 0 , Q i , Q e , and Q α . It is also worth to point out that Eq. (23) has the same form as to Eq. (3) in Ref. 8 and it can be transfer into Eq. (13) in Ref. 18 by redefining parameters as the following:
where ω 0 , Q i , Q e , and Q are parameters defined in Ref. 18 . The difference in expressions of the resonance frequency is due to the fact that Ref. 18 considers the resonance frequency as the frequency at maximum |V | while we consider it as the frequency at minimum |S 21 |.
In Section V, we discuss the more general arguments that justify our systematic approach. We show there that this method approximates the S-parameter from a complex function with multiple poles and zeros to a reduced form governed by only one pole and one zero whose real parts are the closest to the resonance frequency. We call this method the Closest Pole and Zero Method (CPZM).
III. VOLTAGE ON LUMPED ELEMENT CAPACITOR
Characterizing the field dependence of dielectric loss is essential in understanding the loss mechanism of dielectrics. For amorphous dielectric materials, tunneling two-level systems (TTLS) 20, 23 are believed to constitute the dominant source of loss in the quantum regime. The TTLS model has detailed predictions of the loss dependence on the AC electric field in the dielectric. In a LC superconducting resonator, the electric field in the dielectric is proportional to the voltage V on the capacitor.
Using circuit theory, we can determine V (Q i , V + in ), with Q i the resonator internal quality factor and V + in the voltage of the forward propagating wave towards the resonator input port. If Q i is a constant or the circuit is strongly coupled to the transmission line, V is proportional to V + in . The experimentally measured (Q i , V + in ) dependence is transformed into a (Q i , V ) dependence assuming a constant ratio V /V + in . In this section we develop a systematic method to express the dependence of V on V + in in a way which takes into account the voltage dependence of the quality factor. We find that the (Q i , V ) dependence determined in this way is different than the case when V /V + in is simply assumed constant. The difference is more than a trivial scaling factor, and has an effect on the exponents appearing in the voltage dependence of the loss for realistic circuits.
Starting from Eq. (2), we introduce v(ω) = V /V + in and express it using the dimensionless parameters introduced in Eq. (6) . In terms of the reduced parameters introduced earlier, v is a high order polynomial fractional form v = f v (x)/g v (x) (see Eq. (A2) in Appendix A for the full expression of v). We apply our CPZM to approximate v toṽ, a linear fractional form of q:
withf v (x) andg v (x) containing terms up to first order in x. Fig.4 illustrates the accuracy of the approximation above by comparing both the amplitude and phase of v andṽ using realistic circuit parameters given in Table I . We rewriteṽ asṽ
. Separating q from the rest of the reduced parameters gives
Interestingly, some of the coefficients in the above equation are exactly the same as those in theS 21 formula given by Eq. (23). We have H = C, N = D, O = E, and P = F . Since it is the features of the near-resonance transmission that allow one to extract Q i , we calculate the value ofṽ(ω) for ω = ω 0 . At this frequency,
. We obtain: where q i = 1/Q i , q e = 1/Q e , q α = 1/Q α and
λ is a scaling factor which does not depend on internal quality factor of the resonator. The full form of λ is given by Eq. (A28) in Appendix A. To estimate this scaling factor, we write λ as a Taylor series of small numbers γ, α, and β to their first orders, which gives
where ξ has a quantity which can be comparable to unity. We approximate the expression above further to
Given that ω 0 can be obtained from fitting the S 21 data and Z 0 is usually assumed to be 50 Ω, we only need to estimate circuit parameters, M , C c , and C 0 , for determining λ.
In experiments, one measures the S 21 at various values of V Fig. 1(a) and the corresponding (V, Q i ) data transformed with Eq. (30) with Q e = 1984, Q α = 4128, ω 0 = 2π × 7.665 GHz, and λ = 0.01146. The dielectric layer between the paralleled plates is made of aluminum oxide, whose quantum regime loss is believed to be due to TTLSs. According to Ref. 20 , the TTLS loss at a constant temperature is predicted to be
with ∆ = 0. We fit Eq. (33) to both (V, Q i ) and (V + in , Q i ) data. We note that the fit to (V, Q i ) yields ∆ = −0.0613, which is a very good agreement with the TTLS model while the fit to (V + in , Q i ) yields ∆ = −1.05. As a result, the transformation from V + in to V with the loss of the resonator taken into account is crucial for determining the voltage dependence of dielectric loss. However, we find from Eq. (30) that V is approximately proportional to V + in in the over-coupled limit, Q i ≫ Q e . In this case, the fits to (V, Q i ) and (V + in , Q i ) will give approximately the same exponents ∆.
IV. EXPLANATION OF ASYMMETRIC TRANSMISSION
Although the function given in Eq. (23) fits the experimental data very well, the amount of transmission asymmetry characterized by Q α cannot always be explained by the circuit model in Fig. 1(b) with a set of realistic parameters. Fig. 6 shows two |S 21 | curves, of LC resonators measured in our experiments, which are highly asymmetric. A similar, large, asymmetry was observed in experiments of Geerlings et al. 7 and Megrant et al 8 . Khalil et al. 18 attribute this effect to an on-chip inductor and transmission line impedance mismatches. Our experiments indicate a very large transmission line impedance mismatch is required to explain the asymmetry transmission, which is unlikely to occur in our setup. Motivated by this observation, we analyze a more complete circuit model, shown in Fig. 7 . In this model we take into account the connections between transmission lines on chip and outside the chip, implemented with bonding wires. We model these using inductances L in and L out . These connections act as reflection points for the propagating microwaves. The two parts of the on-chip transmission lines, between the bonding connection and the resonator, are assumed to have characteristic impedance Z in/out and length l in/out respectively.
|S |
For such a circuit, consisting of several two-port components, it is convenient to use the ABCD transmission matrix method 19 . The ABCD matrix T of a general 2-port circuit is defined as
where V in/out and I in/out are the voltages and currents at the input and output port respectively. We first use Kirchhoff's law to calculate the ABCD transmission matrix of the resonator part of the circuit (see Fig. 7 for the circuit schematics). We write down the circuit equations which relate the voltages, V 1 and V 2 , and the currents, I 1 and I 2 , to the capacitance voltage V as follows:
Based on these equations we can derive the ABCD matrix for the circuit
For the other parts of the circuit, the ABCD matrixes of the wire bond inductors are
and the ABCD matrixes for the two pieces of the transmission lines between wire bonds and the resonator are
where α can stand for "in" or "out", β α = ω L αCα , and L α andC α are the characteristic inductance and capacitance of the transmission line. We define the time, for microwave to propagate l α in distance, as t α = l α L αCα . Given the width of the resonance δω ≪ 2π/t α , we can approximate T TL α to an ω-independent ABCD matrix
in the vicinity of ω = ω ′ 0 . In the end, we obtain the ABCD matrix of the complete circuit by multiplying all the ABCD matrices:
The scattering matrix element S 21 can be calculated from the ABCD matrix using the following equation:
where T all,a with a = A, B, C, or D is each of the matrix elements of T all .
In Fig. 8 , we plot S ′ 21 in Eq. (48) using L in = L out = 370 pH, Z in = Z out = 50 Ω, and parameters in Table I. These values of the inductance were determined based on numerical simulations of transmission through wire bonds with a 1 mm length. Fig. 8 shows that S 
Circuit model of a LC resonator coupled to a non-ideal transmission line. The on-chip CPW transmission line close to the input/output port has length l in/out and characteristic impedance Z in/out . They are connected to the input/output port through wire bonds model by inductance L in/out . Both the input and output ports are terminated with an impedance Z0. (wire bonds here) and their resonance frequencies are different, the asymmetry feature of their transmission could also be different. This is what we observe in the experiment, which strengthens the hypothesis of our wire bond reflection model. The asymmetry is essentially due to reflections at the connection points which leads to weak standing waves with a length and frequency dependent pattern.
Finally, we apply our approximation procedure shown in Section II to this more complicated model and simplify the transmission S ′ 21 in Eq. (48). We find that we reach a similar form to Eq. (18), which is given bỹ
In the equation above, B is exactly the same as in Eq. (20) . D ′ and F ′ are q-independent parameters. By using definition ω 0 = ω ′ 0 (1−B/2) and Q i = ω 0 RC 0 which are the same as Eq. (19) and Eq. (21), and definitions Q Table I . By fitting Eq. (50), the intrinsic quality factor Q i and the resonance frequency ω 0 can be determined reliably.
We emphasize that the same Q i and ω 0 appear in both Eq. (23) and Eq. (50) despite different external circuits coupled to the resonator. This shows that the impendence mismatch and wave reflection in the transmission line considered in this case does not compromise the determination of the internal quality factor Q i .
V. GENERALIZATION TO OTHER RESONANCE CIRCUITS
In this section we discuss the general application of CPZM to lumped and distributed resonators. We start with the consideration of lumped resonators. In this case, the response function (be it the transmission, reflection, or the ratio between voltages of any points) can be expressed as a polynomial ratio:
where N (ω) and D(ω) are polynomials, of degree m and n respectively. We can factor both polynomials to obtain
with R 0 a complex number and z i and p i zeros and poles of the response function R(ω). The entire resonance behavior of the circuit is described by the positions of the zeros and poles and the complex scaling factor. Let us consider the response of the resonator close to one of its bare resonances, at frequency ω ′ 0 . If the resonator is weakly coupled to its measurement setups, we expect that the resonant behavior will be reflected by a zero and/or a pole of R(ω) which are close to ω ′ 0 . We denote the closest zero and pole by z 0 and p 0 . The response function can be expressed in the following form:
whereN ( 
This approximate response functionR(ω) only depends on the zero and pole z 0 and p 0 in addition to a complex scaling factorN
. The response functionR(ω) is asymmetric in general while a symmetric response function requires ℜ[z 0 ] = ℜ[p 0 ] (see Fig. 9 ). We note that any experimental measured frequency response, e.g. Sparameters, of a high-Q resonator can be fitted using Eq. (54) with three complex numbers, the zero, the pole and the complex scaling factor, as the fitting parameters. We also note that the approximation we applied in Section II, III and IV for reduced expressions for S 21 and V /V + in are equivalent to finding the approximate form of the closest pole p 0 and zero z 0 in Eq. (54).
For distributed resonators such as coplanar waveguide resonators, the response function is not simply a ratio of polynomials of ω but also depends on a wave propagation term z = e jωτ , where τ corresponds to the electrical length of the waveguide. The general response function can be written as
where N (ω, z) and D(ω, z) are polynomials of both ω and z. Provided δω × τ ≪ 2π, we can take the first order expansion of z as z ≈ e certain harmonic of the distributed resonator into a ratio of polynomials. Then, the same procedure to reduce the response function to the linear fractional form in Eq. (54) can be applied. As a result, the CPZM is applicable to distributed resonators as well.
VI. CONCLUSION
We developed the Closest Pole & Zero Method (CPZM) for analyzing the near-resonance response of superconducting resonators. We showed that in the high-Q limit, the response functions are well described by a linear fractional form. We first considered the transmission S-parameter (S 21 ) of a lumped resonator. Using the CPZM, we obtained a linear fractional S 21 of this circuit. By fitting the linear fractional S 21 , one can extract the resonance frequency, internal quality factor, and external quality factor out of the experimental measured transmission. We then applied the CPZM to analyze the relation between the capacitor voltage V and the excitation voltage V + in of the same circuit. We found that the ratio between V and V + in depends on all the fitting parameters of the transmission function in particular the internal quality factor. Since the internal quality factor depends on V itself due to the microscopic mechanism of the loss, V is not proportional to V + in in general. We presented a self-consistent method to calculate V from the fitting results to the transmission S-parameter for every given V + in . Moreover,we studied the case in which imperfections of the transmission lines used for S-parameter measure-ments are modeled by introducing impedance mismatch and inductance from wire bonds. We found that the asymmetric transmission near the resonance is mainly caused by wave reflection on the wire bond positions. Using the CPZM, we showed that our fitting routine for extracting the internal quality factor applies to this nonideal case as well.
We also discussed the general applications of the CPZM to high-Q resonance circuits. We showed that the response function of an arbitrary lumped or distributed resonator is or can be approximated by a ratio of polynomials. The ratio of polynomials can be approximated further to a linear fractional form by finding its pole and zero closest to the bare resonance frequency of the resonator. We described the general procedure for such approximations.
The methods presented here provide a systematic and rigorous treatment of response functions of high quality factor resonators. They allow the reliable determination of the quality factor and electric field in driven resonators. These methods are applicable to a variety of experimental investigations of the mechanisms of dielectric loss in the quantum regime. 
We rewrite the linear fractionalS 21 andṽ by separating q from the other reduced parameters, which gives: 
By Taylor expanding the coefficients A, C, and E in terms of small parameters α and γ, we find that A ≈ 1, C ≈ 1, and E ≈ 0. We identify the resonance frequency as the minimum value of |S 21 |. By taking the first order derivative of |S 21 | with A = 1, C = 1, and E = 0, we find the extrema:
Only the extremum with "−" sign corresponds to the minimum position. As a result, the true resonance frequency of the circuit is
We take the resonance frequency as the resonance frequency without internal loss (q = 0) as ω 0 = ω ′ 0 (1 − B/2). Therefore, the response functionsS 21 andṽ can be rewrite in reduced forms in terms of the resonance frequency ω 0 and internal quality factor Q i = .
In the end, we calculate the quantity of the reduced response functionṽ red for ω = ω 0 . We obtain: .
The quantity ofṽ 0 depends on the values of the parameters which appear in the expression ofS 21,red and a linear scaling factor λ. We define λ as
The full expression of λ in terms of the reduced parameters is given below: λ = 4jξ(2αξ − (−1 + α)γ(−2j + αξ)) (−2 + (−1 + α)γ) (−2γ + 2j(2 + (2 + 2(−1 + α)α − β)γ)ξ + (3α 2 (1 + γ) − β(2 + 3γ)) ξ 2 )
.
The calculations involving replacing parameters, simplifying expressions, extracting coefficients from polynomials, and expanding expressions into Taylor series in this appendix are performed in Mathematica 22 .
